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Abstract
In this paper, the concept of (F;, L)-contraction was presented and a new fixed-point theorem
for such contractions would be established. We provide applications to prove that there is a fixed point
for cyclic mappings. We also received fixed-point results for the weak contraction type mappings.
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1. Introduction

Let (Q, d) be a metric space and I'(Q)
be the class of nonempty subsets of Q. Denote by
CB(Q) (resp. K(Q)) the class of nonempty
bounded and closed (resp. all nonempty
compact) subsets of Q. For U,V € CB(Q),
consider the Pompeiu-Hausdorff functional

H(U,V) == max {sup inf d(u, v), sup inf d(u, v)}.
uey VeV vey Uel
(1.1)

For{ € Q, define D(, V) = érel‘g d ((,0).

Nadler (1) used the notion of the
Pompeiu-Hausdorff metric to ensure the
existence of fixed points for multivalued
contractive mappings. Berinde (2) introduced
the following notion which was later named
from weak contraction to almost contraction by
Berinde (3).

Let (Q,d) be a metric space and a
mapping Z: Q- Q is said to be an almost
contraction or an (8, L)-contraction if there are
6 €(0,1), L = 0andn, u € Q such that

d(Zn,Zp) < 6d(m, W) + Ld(w, Zn). 12)

Indeed, the notion of multivalued almost
contractions as follows: A mapping Z:Q —
CB(Q) is an almost contraction if there are § €
(0,1) and L =0, for n,u€ Q, the following
inequality holds:

H(Zn, Zp) < 6d(n, w) + LD (u, Zn). (1.3)

Berinde (4) established the Nadler
fixed point theorem in (1). Popescu (5)
introduced the concept of (s,r)-contraction
multivalued operators and obtained some (strict)
fixed point results. Let Z:Q — CB(Q) be a
multivalued operator on a complete metric space
(Q,d) with Z is an (s,r)-contractive if r €
[0,1),s =randn,peQ

D(u,Zn) < sd(u,n) implies
H(Zn,Zp) <N, p), (14)

where

N, W)

= max {d(n,u),D(n, Zn),D(u, Zw), >
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Then Z has a fixed point. Moreover, if s > 1,
such a fixed point is unique.

Latter, Kamran et al. (6) improved the
results of Popescu (5) to weakly (s,1)-
contractive multivalued operators. Let Z: Q —
CB(Q) be a multivalued operator on a metric
space with Z is a weakly (s,r)-contraction if
there are r € [0,1),s = r and L = 0 such that

D(u,Zn) < sd(u,n) implies

where

M, w)

= max {d(n,u).D(n,Zn),D(u, Zu), >

+ Lmin{d(n, w), D(w, Zn)}.

Then Z has a fixed point. Moreover, if s > 1
such a fixed point is unique. On the other hand,
Wardowski (7) introduced a generalized version
of contraction mappings, called F-contractions,
i.e., amapping Z : Q — Q satisfying

T+ Fd(Zn,Zn) < Fd(n, W), (1.6)

for all n,pe Q with d(Zn,Zp) >0, where
T > 0andF: (0,) - R is a function verifying
the following conditions:
(F1) F is strictly increasing;
(F2) for each {9,} € R*, lim 9, =0 if and
n—oo

only if lim F (9,) = —o0;

n—oo
(F3) there is 0 < k <1 such that
ali%1+ 9 F(9) = 0.
He proved that every F-contraction on a
complete metric space has a unique fixed point.

Latter, Turinici in (8) relaxed
condition (F2) by (F2*) for each {9,}¢
R, rlll_I)Tolo 9, =0, then 113_1)?0 F(9,,) = —. Then
the following
(F2**)F(9,) » —c implies 9, - 0canbe
derived from (F1).

Recently, Wardowski (9) considered
the class of F-contractions in a generalized way
by replacing T by a function ¢: (0, ©) — (0, ©)
and defined (¢, F)-contractions on a metric
space (£, d) so that

D(n,Zuw) + D(u, Zn)

(H1) F verifies (F1) and (F2*);

(H2) lim inf,_,,+ @(t) >0 for q =0;

(H3) @(d(m,w) + F(d(Zn, Zw) < F(d(n, W)
forall n,u € Qso that d(Zn, Zp) > 0.

It was proved a fixed point result for such
nonlinear contractions by omitting (F3).

Altun et al. (10) used an extra
condition on F:
(F4) F(inf(P)) = infF (P) for P c (0, o) such
that inf(P) > 0.
Many authors endeavor to reach their goals in
real world applications, see (11-15) and the
related reference therein.

Motivated and inspired by concept of
(F,, L)-contractive multivalued operators. We
will extend the results of Kamran et al. (6) and
Popescu (5) as follow define:
(H1*) F satisfies (F1), (F2*), and (F4).
(H3*) There are s = 0 and L = 0 such that, for
N, U € Qwith H (Zn, Zp) > 0 we have

D(u,Zn) < sd(u,n) implies @(d(n,n)) +
F(#H(Zn,Zw) < F(Q(n, 1)), (L.7)

where

[1+ D, Zn)]D(w, Zw)

Q(n,w) = max {d(ﬂ'ﬂ), T+ dmm

+Lmin{d(n, u), D(u, Zn)}.

Remark. Let (Q,d) be a metric space. The
multivalued operator Z:Q — CB(Q) is an
(Fg, L)-contraction if conditions (H1*), (H2),
and (H3*) are satisfied.

2. Preliminaries
The graph of Z:Q — 2% is given as

Gr(Z) = (3,0) € 02, 8 € ZL.
The mapping Z is said to be upper semi-
continuous if the inverse image of closed sets is
closed.

Definition 2.1 (16) A mapping Z: 2 —» CB() is
called a multivalued weakly Picard operator if,
foralln € Nand u € Zyu, thereis {n,,} in 2 such
that the following statements hold:
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(()no=m and ny = p,
(ii) npyq € Zn, forall n>0,
(iii) {n,,} converges to a fixed point of Z.

Lemma 2.1 (1) Given a metric space (2, d). Let
Bcand a >1.Forn e, thereis u €B
such that d(n, u) < aD(n, B).

Theorem 2.1 (4) Let Z:2 - CB(2) be an
almost contraction mapping on a complete
metric space. Then Z has a fixed point.

3. Main results

Theorem 3.1 Let (22,d) be a complete metric
space and Z:2 - CB(2) be an (F,L)-
contractive multivalued operator on a complete
metric space. Assume that Gr(Z) is a closed
subset of 22. Then Z is a multivalued weakly
Picard operator.

Proof. Let no€Q and mn; €Zn, then
DMy, Zne) = 0.In the case thatng = 14, thenn;
is a fixed point of Z and the proof is completed.

Suppose that ng #=n4. If mq € Zny,
the proof is done. Otherwise, if n; € Zn,, then
since Zm is closed, we have D(n,Zn,) > 0.
Therefore, #(Zno,Zn1) = D(My,Zn1) > 0, SO
D(M1,2Zn0) < sd(Mq,Mo). Since Z is an (F,, L)-
contractive multivalued operator, we get

@(d(Mo,m)) + F(H (Zno, Zn1))

where

QMo,M1)
_ [1+ D(Mo, Zno)1D (M4, Z11)
= max{d(no,M1), T+ dGng )

+L min{d(n()r T]l), D(nl;ZT]O)}
< max{d(Mo,N1), DMy, ZN1)}.

Thus,
o(d(Mo, 1)) + F(H(Zno, Zn1))
< F(max {d(mo,n1), D(1, Zn1) ).

Since D(ny,Zny) < H(Zng, Zny), from (F1)
and inequality

F(D(Th:ZTh)) < F(H(ZTIO:ZM))
< F(d(o,m)) — (d(mo, 1)) (3.2)

From D(n4,Zn4) > 0 and (F4), we obtain

F(D(,Zny) = inf F(d(ny,9)).  (33)
gEZN,
Using inequality (3.2), we get

inf F(d(n1,9))

gEZn,
< F(d(o,m)) — (d(mo, 1)) (3.4)

There ism, € Zn, such that

F(d(m1,m2)) < F(d®o, 1)) — ¢(d(m0,m1)).
(3.5)

Continuing in this way, we get {n,} such that
Nn+1 € ZNy and

F(d(rln! 77n+1))
< F(d(nn—l! nn)) - <P(d(71n-1, nn))' (36)

foralln > 1. Let 9,, = d(n,_1,n,) foralln >
0. We assume that9,, > 0 for each n € N. From
inequality (Eq. 3.6), there is a > 0 such that

F(ﬁn+1) < F(ﬁn) - (p(ﬁn)' 3.7)
foreach n € N.

From (F1), {9,} is decreasing and hence 9,, =
t,t =2 0. By (H2) there are a > 0 and ny € N
such that @ (9,) > 0 for each n > ny. Therefore,

F(ﬁn) < F(ﬁn—l) - (P(Bn—l)
=< ‘F(Bn—z) - @(sn—z)

< F(9) — XI5t @(8)
=F(O) - I () — It o(9))
<F@®;) —(n—ng)a, vn>n, (3.8)

Letting n — oo, F({)n) — —oo and using (F**),
9, = 0.

Next, we prove that {n,,} is a Cauchy.

Assume that {n,} is not a Cauchy
sequence. Using (F1), the set Z of all
discontinuity elements of F is at most countable.
ThereisA > 0,A ¢ E in order that for each k >
0 there are my, n; € N such that
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k <my <ny and d(ny,, 1n,) > 2,
d(nmk'nnk—l) <4 d(’?nk"?mkﬂ) <4 (39)

Denote by 1y, is the least of m,, satisfying (3.9)
and by 7 is the least of n,, are satisfying (3.9),
so that n, < n; and

d(n,—nvk, nnk) > A. Naturally, one writes that
AN ) > 4 A Nag-1) < 4,

d(Mip Mi+1) < A- (3.10)

Letting ko € N such that for y, < A for each
k = ko, we get

A < d(Nmo )
< d(N ap-1) + d(Mi-1, 7z
<A+yg, foreachk =k,
Thus,

lim d(Mm ) = 2- (3.11)

Observe that

D(Map Z0,) < d(Map Nige1)
<A <d(nm )

< sd(na, i, )- (3.12)

Using (H3*), we obtain

¢ (d(nmo )

< F (d(nm ) = F (dOtrns 1)),
(3.13)

forall k > 0.
Using (3.10)-(3.13) and by the continuity of F at
A, we obtain

lim inf,_+ @(s)
< lim infy_e @ (d(nm, TIﬁ;))

< lim (F (d(nmona))

—F (d(nymﬂ"?ﬁﬂ)))

=0, (3.14)

which is a contradiction to (H2). Hence {n,,} isa
Cauchy sequence. Therefore, 1, > x € Q as
n — oo, Since Gr(Z) is closed, at the limit
n = o, (Mp, Nn+1) = (%, %) With (x,x) € Gr(2).
Hence, x € Zx, i.e., x is a fixed point of Z.

4. Application

Theorem 4.1 Let (22,d) be a complete metric
space and Z:2 - CB(2) be an (F,L)-
contractive multivalued operator on a complete
metric space. Assume that Z is upper semi-
continuous. Then Z is a multivalued weakly
Picard operator.

Proof. Using the upper semi-continuity
condition is stronger than the closedness of
Gr(Z) and follow prove in Theorem 3.1.

Theorem 4.2 Let (22,d) be a complete metric
spaceand Z: 2 — K () be an (F;, L)-contractive
multivalued operator on a complete metric space
and s > 1. Assume that Gr(Z ) is a closed subset
of N2. Then Z is a multivalued weakly Picard
operator.

Proof. Let ng € Q and n; € Zn,. If N1 € Zny,
then the proof is complete. Suppose n; & Zn;.
Then, from Zn; is closed, D(n4,Zn,) > 0. On
the other hand, from

D(My,Zn,) < H(Zno, Zn1), using (F1),
we obtain

F(D(Th: ZTh)) < F(H(Zno.Zm))- (4.1
Thus, we have

D(M1,Z1ng) < sd(ny,Mo).

Using (H3*), we get

F(D(1,Zny))

< F(#(Zno,Zn1))

< F(QMo,n1)) — @(d(mo, 1))

< F(max{d(no,n1), D(1, Zn1)})
—¢(d(mo,n))

< F(d(o,m1)) = ¢(d (o, m1))- (4.2)

Since Zm is compact, there existsn, € Zn; such

that d(my,mz) =DMy, Zn.). Then  from
inequality (4.2), we get

F(d(m1,m2)) < F(d(Mo,m1)) — @(d(Mo,m1)).

The rest of the proof is similar to that of the proof
of Theorem 3.1.
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Theorem 4.3 Let (2,d) be a complete metric
space and Z:2 - CB(2) be an (F.4L)-
contraction on a complete metric space. Assume
that Gr(Z) is a closed subset of 22. Then Z is a
multivalued weakly Picard operator.

Proof. Consider t <1 which 0 <r<t<s.
Since 1 -t >1, by Lemma 2.1, n; € Q and
there 1 — s ism, € Zn; such that

1-t
dymz) < ED(Th,ZTh),
then

%_HD(T]LZTH) <D(My,Zn1)
<dMmymz)
< ﬁD(‘h:Zﬂl)-
Since Z is an (F,, L)-contraction, we get
@(d(1,n2)) + F (3 (Zny, Zny))
< F(Q(T]pnz)),

where

Q(My,M2)
_ [1+ D(y,Zn1)ID (2, Zn2)
= max d(nbﬂz), 1 +d(T]1 T]z)
+Lmin{d(ny,n2), D(n2, Zn1)}
< max{d(nl, T]Z)! D(nZ!ZT]Z)}

Thus,

@(d(m1,m2)) + F(H (Zny, Zn,))
< F(max{d(n1,12), D (m2,Zn2)}). (4.3)

Since D(n3, Zn,) < H (Zny, Zns,), from (F1) and
(4.3), we obtain

F(D(M2,Znz) < F(H(Zn1,Zn3))
< F(d(m.m2)) — (d(m1,7m2)). (4.4)

From Zn, is closed, D(n,,Zn,) > 0 and using
(F4)

F(D(ny,Z12)) = Jnf F (d(m29)-  (45)
Using (4.4), we obtain

inf F(d(n2 9))
gEZn,

< F(d(mn,m2)) — (d(m1,7m2)). (4.6)

There is 3 € Zn, such that

F(d(z,n3)) < F(d(y,n2)) — @(d(ny,n2)).
From the proof of Theorem 3.1, {n,,} is a Cauchy
sequence and hence 1, = x € Q. By the same
way to those given in Theorem 3.1, we have that
D(x,Zx) = 0.

Example. Let Q= {0,2,4,6} and
d(m, 1) = |n — ul. Consider Z: Q —» CB(Q) as
_ {2,6}, ifn=26,
Zn= { {4}, ifnot.

For (W €{(0,0),(0,2),(0,4),(2,0),(2,2),
(2,4),(4,0), (4,2), (44, (6,6)},
then £ (Zn, Zu) = 0.
For (W €{(0,6),(2,6),(4,6),(6,0),(6,2),
(6,4)}, then H (Zn, Zp) = 2.
Choosing s = 0.5 and (n,p) € {(4,6),(6,4)},
we get
D(w,Zn) =2 =d(wn),

which yields

D(w,Zn) > sd(pn),
Now, for (n,u) € {(0,6),(2,6),(6,0),(6,2)},
we get

D(w,Zn) < sd(pn),
Thus, for any L = 0, choosing ¢(t) =1 and
F(t) =t + In(t), we obtain

e(dm W) + F(H(Zn,Zw) < F(Q(n, w).

That is, Z is an (F;, L)-contraction. So, Gr(Z) is
a closed subset of Q2. Using Theorem 3.1, Z has
4 and 6 as fixed points.

Acknowledgements

The authors were financially supported by
Rajamangala University of Technology Phra
Nakhon (RMUTP) Research Scholarship.

References

1. Nadler SB, Multivalued contraction
mappings. Pac. J. Math. 1969; 30, 475-488.

2. Berinde V, Approximating fixed points of
weak contractions using the Picard
iteration. Nonlinear Anal Forum. 2004; 9,
43-53.

3. Berinde V, General constructive fixed point
theorems for Ciric-type almost contractions
in metric spaces. Carpath. J. Math. 2008;
24, 10-19.

4. Berinde M, Berinde V, On a general class
of multivalued weakly Picard mappings. J.
Math. Anal. 2007; 326, 772-782.

5. Popescu O, A new type of contractive
multivalued operators. Bull. Sci. Mat. 2013;
137, 30-44.

© 2022 Faculty of Science and Technology, RMUTT

Prog Appl Sci Tech.


https://dx.doi.org/10.14456/x0xx00000x
http://sci.rmutt.ac.th/
https://ph02.tci-thaijo.org/index.php/past/index

Prog Appl Sci Tech. 2022; 12(3):1-6

10.

11.

12.

Kamran T, Hussain S, Weakly (s,r)-
contractive multi-valued operators. Rend.
Circ. Mat. Palermo. 2015; 64, 475-482.
Wardowski D, Fixed point of a new type of
contractive type of mappings in complete
metric spaces. Fixed Point Theory Appl.
2012; 2012, 94.

Turinici M, Wardowski
contractions in metric spaces,
arXiv:1212.3164v2.

Petrusel A, Rus Al, Santamaaria. Biol.
Chem. 2003; 290, 21352-21364.

Altun I, Durmaz G, Minak G, Romaguera
S, Multivalued almost F-contractions on
complete metric spaces. Filomat. 2016;
30(2), 441-448.

Kitkuan D, Suzuki-type Z-contraction
performance. J. Math. Comput. Sci. 2021,
11(6), 6857-6871.

Padcharoen A, Kumam P, Saipara P,
Chaipunya P, Generalized Suzuki type Z-
contraction in complete metric spaces.
Kragujevac Journal of Mathematics. 2018;
42(3), 419-430.

implicit
(2013).

13.

14.

15.

16.

Saipara P, Kumam P, Bunpatcharacharoen
P, Some Results for Generalized Suzuki
Type Z-Contraction in Metric Spaces. Thai
Journal of Mathematics, 2018; SI, 203-219.
Bunpatcharacharoen P, Saelee S, Saipara P,
Modified almost type Z-contraction. Thai
Journal of Mathematics. 2020; 18(1), 252-
260.

Padcharoen A, Kim JK, Berinde type
results via simulation functions in metric
spaces. Nonlinear Functional Analysis and
Applications. 2020; 25(3), 511-523.

Latif A, Abdou AAN, Multivalued
generalized nonlinear contractive maps and
fixed points. Nonlinear Anal. 2011; 74,
1436-1444.

Prog Appl Sci Tech

© 2022 Faculty of Science and Technology, RMUTT


https://dx.doi.org/10.14456/x0xx00000x
https://ph02.tci-thaijo.org/index.php/past/index
http://sci.rmutt.ac.th/

